The Dirac equation is derived in a curved space of constant curvature. The underlying space is discussed on the basis of projective geometry. The pseudo-distance is introduced in the space and a particular coordinate system is adopted which may be identified with the angular part of the polar coordinate system in a five-dimensional Euclidean space. For the derivation of the Dirac equation in our curved . space two alternative methods are applied: In one method the parallelism of vector is used to derive the covariant derivatives of the spinors and in another the covariant derivative is derived from the integrability conditions of the generalized Dirac matrix. §I. Introduction A curved space of constant curvature (the de Sitter space) Is a cosmological model which does not exist in reality.
§I. Introduction
A curved space of constant curvature (the de Sitter space) Is a cosmological model which does not exist in reality.
In this model, it is assumed that the metric tensor of a space IS a priori known in a particular coordinate system and that the curvature does not depend on physical phenomena which take place. Nevertheless it is of interest to investigate this model because it tells us about the characteristic properties of a curved space. This model allows us to solve fundamental physical equations for free fields exactly and to calculate the commutation functions for free fields explicitly. Furthermore this model is associated with the mathematical theory of groups.
Dirac was the first to have studied the fundamental physical equations in this space. 1 l He derived the equations which were invariant under the SO ( 41) and S0(32) groups. Several other authors have studied invariant equations in the de Sitter space by different methods. 2 
)~4l
The pseudo-distance is a notion characterizing the bending of a curved space of constant curvature and gives the Dirac equation in a form reflecting the characteristic bending of the space. Projective geometry, which has been known as a useful tool for studying geometry from a unified point of view, makes it easy to introduce the pseudo-distance into our space and to construct a rectangular coordinate system. 5 ) In § 2 we describe some elements in projective geometry, the homogeneous coordinates with definition of four-dimensional projective space and the cross ratio. The cross ratio is used to introduce the notion of psudo-distance into the projective space. In § 3 we construct a (global) rectangular coordinate system which enables us to express a point in the curved space in terms of the pseudo-distance. Tetrad vectors, 6 l.n orthogonal unit vectors, are directly obtained by setting up a particular coordinate system by a method analogous to that of establishing the rectangular coordinate system. In § 4 the Dirac equation is derived in the curved space of constant curvature. The covariant derivatives of spinors are derived from parallelism for vectors. We also obtain the Dirac equation from a somewhat different point of view where the integrability conditions for the generalized Dirac matrix are used to get the covariant derivatives. 8 
) § 2. A curved space of constant curvature

The homogeneous coordinates
Let us regard a 4-dimensional number space R 4 as a superplane in a 5-dimensional number space R 5 • For that purpose we shall consider correspondence between a point (x1x 2x 3x 4) in R 4 and a point (x1x 2x 3x 41) in R 5 : namely, when a point X in R 5 is expressed by a vector X with components (x1x 2x 3x 4x 5 ), a set of points whose fifth component is one, i.e., x 5 = 1, corresponds to a superplane J1.1 4 
in R'
which is defined by an equation x 5 = 1. In this way one can identify a point X in R\ which is represented by a 4-dimensional vector (x1x 2x 3 x 4) , with a point X' in the superplane M 4 in R 5 which is represented by a vector (x1x 2x 3x 4 1) with the same x~> X 2 , x 3 and x 4 as above.
Clearly this correspondence is a one-to-one linear mapping of the space R 4 onto the space Jl.1 4 • Let us denote by cp this mapping: X'=cp(X).
Suppose that an r-dimensional plane M/ in R 4 is spanned by r+ 1 4- 4 and x 5 running over real numbers not equal simultaniously to zero and the equhralence relation is that of proportionality.
In the same manner as in the case of points, any hyperplane, due to the dual nature between point and plane in the projective space, can be represented in the plane homogeneous coordinates. A hyperplane will be written as M(u1u2 U3U4U 5) in the plane homogeneous coordinates.
A point whose fifth component is zero Is called a point at infinity in p• and a whole set of points at infinity in p• is a three-dimensional plane called the superplane at infinity.
Let X and Y be the homogeneous coordinates of points X and Y, respectively, and let A be a 5 X 5 constant matrix which is independent of X. Then a mapping q; such that q;; Y=AXp, p=/=0, AA-1 =E, where p is a number which may be a function of X, Is called a 4-dimensional projective transformation or 4-dimensional projective motion. It is clear that the q; is a one-to-one mapping which maps P 4 onto itself linearly. A whole set of projective transformations forms a group called the projective transformation group.
A 4-dimensional affine space is part of the projective space P 4 in which the fifth components of points in P 4 do not vanish, i.e., x 5 =/=0 in the homogeneous coordinates: The affine space can be regarded as a projective space with the superplane at infinity excluded. Consequently, the 4-dimensional affine motion can be described by a transformation of the form from which one sees at once that the affine transformation group forms a subgroup of the projective transformation group.
In a special case in which A 1 is given by the orthogonal matrix A1A1t=E, the motion in P 4 reduces to that in the Euclidean space.
There exists a fundamental theorem concerning projective transformations. We shall now show how to determine the coordinates of a point in the projective space.
In order to do so it suffices to show how to determine the coordinate of a point in one-dimensional projective space. Taking a straight line, we first choose an arbitrary point P 0 corresponding to the origin 0 on the line and then another point P 1 corresponding to a unit point as in the case of the Euclidean space. However in the case of the projective space, different from the Euclidean space, only two points are not sufficient to determine the coordinate. of the point completely, and one must choose an additional point P oo distinct from both P 0 and P 1 on the line and one can assign to it a symbol oo or 1/0. With these fundamental points one can express the coordinate of any point P on the line as P = (P 00 P0P 1P), where (P ooP0P1P) denotes a cross ratio or an harmonic ratio of the quadruple of points P oo' P0, Ph P on the line. The cross ratio is a quantity invariant under projective transformations and therefore invariant under non-Euclidean motion. We shall, for instance, take on the line a sequence of point Pn with n integers which are given by the relation n = (P ooP0P1Pn), where P0 is taken as the origin, P 1 as the unit point and P oo as a point at infinity. Then from the property of the cross ratio shown in Appendix, one obtains for neighbouring three points on the line. This fact shows that one can superpose the quadruple of points P ooP0P1P2 upon the quadruple of points P ooP1P2P3 on the line without changing the value of its cross ratio under projective motion. This means that an "interval" P 0 P 1 is equal to an "interval" P1P2 in projective space. Hence the sequence of points P0PJ", ... p" · · · thus obtained stands in a line with equal "interval".
Introduction of jJseudo-distance into P'
We shall now introduce the notion of pseudo-distance (hereafter simply referred to as distance) in a non-Euclidean space, elliptic or hyperbolic, as follows:
Choose two points arbitrarily in this space and denote them by P 1 and P 2 • Then the distance between P 1 and P 2 should be a function of these two points, which ·will be denoted by [P1 P 2]. For a third point P3 lying on a line through P 1 aml P,, a relation such that (2) should hold. Such a function fulfiling the above condition can be directly connected with the cross ratio given by the formula (4) where K is a constant, then the relation (2) holds.
Since the cross ratio is invariant under projective transformation, the formula for distance defined by Eq. ( 4) is also invariant.
Let us denote by P1 (x1x 2x 3x 4x 5) the homogeneous coordinates of a point P1 and let us denote by P2 (y1y2y3y4y5) the homogeneous coordinates of a point P,. Then any point P on a straight line through P 1 From the formula (3), the cross ratio of the quadruple of points E1, E 2 , P, and P 2 is given by /J.12 = (E1E2P1P2)
Consequently one has (5) The parameters A1 and A2 can be determined from the condition that E1 and E2 lie on the real quadratic surface Q, that is, they can be obtained by solving the following quadratic equation:
From solutions of this equation and the formula ( 4), one finds, if one puts d
-j ····(;;y)
Here we write shortly S (X) and C (X) instead of SIN (X) and COS (X), respectively. Along the same line as for the definition of pseudo-distance, the angle of intersection of two hyperplanes can also be defined in a non-Euclidean space, elliptic or hyperbolic: Let M (u1u2u3u.1u5) and A12 ( V 1V 2V 3V 4V 5) We shall now derive a formula for the distance between a given point and a given hyperplane in our space. One knows that if the homogeneous coordinates of the given plane is denoted by M(u1U2U3U4U5), the pole of this plane with respect to Q is given by a point M(u1U2U3U4u5). Y(y,y,y,y,y,) the polar is defined by the equation (xy) =0. In a special case of the tangential plane to the Q:(xx) =0, an additional condition (yy) =0 must be imposed on the above equation. On the other hand, since the distance from a pole to its polar is given by nK/2, nK/2-d is the distance from the given point to this pole, where d is the distance from the given point to the given plane. Consequently, from this result one obtains a formula for the distance from a given point X(xlx,xsx•xs) to a given plane M(u1u,u3u4u5) in our space: Choose an arbitrary point in a non-Euclidean space and let it be the ongm 0(00001). Choose another point arbitrarily in this space and take it as a point at infinity Xoo 1 (10000). Let the 0 connect with Xoo 1 by a straight line, which will be taken as the _Kl-axis in our coordinate system. Next, choose a third arbitrary point which does not lie on the X'-axis and let it be a point at infinity Xoo' (01000). Connect the 0 with Xoo' by a straight line and let this line be the X'-axis in our coordinate system. Similarly choose a fourth arbitrary point which does not lie on a 2-dimensional plane composed of three points 0, Xoo 1 and X=' in our space and let this point be a point at infinity Xoo 3 (00100). Connect the 0 with Xoo 3 by a straight line as above and let this line be the X 3 -axis in our coordinate system, and finally take a fifth arbitrary point which does not lie on a hyperplane composed of four points 0, Xoo ', Xoo 2 and Xoo S, and let this point be a point at infinity Xoo 4 (00010), connecting the 0 with Xoo 4 by a straight line which will be taken as the X 4 -axis in our coordinate system. Since a hyperplane is determined by four points situated in general position in P", a hyperplane passing through 0, X=', X= 3 and X= 4 is represented by rr, (10000) in the homogeneous plane coordinates; namely, the equation of this plane is given by x 1 = 0 and a pole of this plane with respect to Q is a point given by
*> For a given pole
Xoo' (10000). A hyperplane passing through 0, X=', X=s and X= 4 is a plane represented by 7r2 (01000) whose equation is given by x 2 = 0, and a pole of this plane with respect to Q is a point given by Xoo'(01000). Since the pole Xoo 1 (10000) of the hyperplane 7r1 (10000) with respect to Q is contained in the hyperplane 7r2 (01000) and since, conversely, the pole X=' (01000) of the hyperplane 7r2 (01000) is contained in the hyperplane 7r1 (10000), the hyperplane 7r1 is conjugate with the hyperplane 7r2 and vice versa. Consequently, the plane 7r1 is perpendicular to the plane 7r2• From the same consideration as above, one finds that when one denotes by rrs a plane composed of 0, Xoo', X=', Xoo 4 , by rr. a plane composed of 0, Xoo', X=", Xoo\ and by rr0 a plane composed of X=', X=', X=S, X=", the five hyperplanes rrh 7r2, 7r3, 7r4 and 7r0 are perpendicular mutually. Because the X'-axis is contained in three planes rr,, 7r3 and 7r4 which are perpendicular mutually and, moreover, because the plane 7r1 is perpendicular to the planes 7r2, 7r3 and 7r4, the X 1 -axis is perpel}dicular to the plane 7r1• In the same way one finds: the X 2 -axis is perpendicular .to the plane 7r2, the X 8 -axis to the plane 'lra and the X 4 -axis to 7r4• From these results one concludes that the XI_, X 2 -, X 3 -and X 4 -axes are orthogonal mutually in our coordinate system. In this manner one can set up a rectangular coordinate system in our 4-dimensional non-Euclidean space.
Our next problem is to express the homogeneous coordinates of a point in our under lying space in terms of distance.
Denoting by X 1 the distance from a given point P(x1x 2x 3x 4x 5) to the hyperplane 'lr1 (10000), from the formula (10) one obtains In consequence the position of the point P can be expressed in terms of the distances X\ X 2 , X 3 and X 4 as follows:
For simplicity, for a while, we .shall here restriCt ourselves to the case of a two-dimensional non-Euclidean space as an introductory step for later consideration.
We shall set up a rectangular coordinate system in our two-dimensional space.*> *> Hereafter we shall assume K=l. 
x'
Draw a parallel line to the X 2 -axis passing through a given point P(x1x 2x 3) in this space*> and denote by P 1 an intersection of this parallel line with the X 1 -axis. The point P1 is given by  P1 (x1 0 x,) . Next, draw a perpendicular to the X 2 axis passing through the given point p and denote by P 2 a foot of this perpendicular to X 2 -axis (see Fig. 2 where X 2 denotes the distance between p2 and 0.
We shall now return to the four-dimensional case. Draw the same rectangular coordinate system as established m the previous chapter in our four-dimensional space.
Let YE~> 7E2, 7t3 and 7t4 be superplanes passing through a given point P(x1x 2 XsX4x5)' let the 7th 7E2, lt, and rr. be orthogonal to X 1 -, X\ X 3 -lines**) and the 
as projective components along the X 1 -, X'-, X 3 -lines and the X 4 -axis, respectively.
We here write h 1 instead of aX 1 • Since the Pythagorian hypothesis holds in a small region near P, one has for the squared sum of infinitesimally small elements
The fundamental covariant metric tensor in our space Is therefore given by C"(X")C'(X')C'(X")C'(X')C'(X~ ) .
(14) § 4. The Dirac equation
In the preceding sections we have seen that a rectangular coordinate system can be established in our space and that the position of a point can be expressed as a function of the distances X\ X', X 3 and X 4 in our rectangular coordinate system. In this section we shall attempt to derive the Dirac equation in our underlying space, expressing it in terms of the variables X\ X\ X 3 and x•.
According to the usual tetrad formalism for the Dirac equation, one must attach to each point of our underlying space a local rectangular coordinate system which is determined by tetrad fields, that is, by four independent orthogonal unit vector fields depending on the coordinates of our space. There is, therefore, a configuration associated with each point consisting of four independent vectors.
Let us denote by h 1 (X), a= 1, 2, 3, 4, tetrad components, i.e., the components where we introduce a constant 4 X 4 matrix r;aP:
From the expression for the orthogonal unit vectors given by Eq. (13) in our underlying space, the contravariant components of our tetrad can be taken to be*l (15) where (-) i occurs smce indefinite form must be taken into account. **l
As usual, the tetrad indices a, {3, li" · are raised and lowered by means of the matrices ( r;aP) and ( r; aP), respectively, while the tensor indices l, m, n, .. · are raised and lowered by means of the metric tensors g 1 m and g1m, respectively. Therefore, the covariant components of the tetrad vectors are
(-)zC1C2Ca (16) One can also give the explicit expressions for h 1 (X) and h1 (X) by lowering the a index a by r; ap 1 1
and (h1 (X)) =(
(17)
*l Hereafter we shall put S,=SIN(X') and C,=COS(X') for brevity. **l The tetrad field has an imaginary component, because, as a general case, we here concern with the closed space where the curvature is assumed to be real: K = 1. However for an open space of a hyperbolic character in one direction we must replace K by iK. Hence, in this case, we have the tetrad field with real components. For the given tetrad field h1 (X) the metric tensor g1"' IS determined by Eq. a (19). However, for a given metric tensor g1"' the tetrad field is by no means completely determined, since any rotation (Lorentz transformation) of the tetrad field leads to a new tetrad field which also satisfies Eq. (19).
a
The tetrad components of a vector, A, i.e., the components of the vector A in the local rectangular coordinate system determined by the tetrad fields, are given by
from which one obtains for the quadratic forms of the vector components
a by using the explicit expressions for h1 (X).
Equations (21) 
The ¢a are unit matrices multiplied by constants which correspond to the electromagnetic four potentials.
Hereafter we shall restrict ourselves to the case where no electromagnetic field exists.
We shall take explicit expressions of the Dirac matrices for the tetrad components, i.e., components in the local coordinate system as follows:
, r=r= 
The covariant derivatives of the spinor with respect to the general coordinates (X') are given by where T 1 is defined by r! =ha!r a• - Ta= C-h{S1Czrr+S.rr},
From the formula for T 1 given by Eq. 
From the expressions for r given by Eq. (25) we see that r for a= 1 2 3 are hermitian whereas r is anti-hermitian and its square is equal to minus one, ( r) 2 = (-) 1 and that y 1 for l = 1, 2, 3, 4 are hermitian. Further we have
We also see directly from (30) that T 1 for l = 1, 2, 3 are anti-hermitian whereas r4 is hermitian.
Using these properties for y' and T 1, we obtain the adjoint of Eq. (28) 
--Cross Ratio or Anharmonic Ratio--
A set of four points P, P0, P 1 and P = on a straight line 111 P 4 is given.
Suppose that P 0 , P 1 and P = are distinct from each other and that P, P 0 and P = are also distinct from each other.
For the quadruple of points P, P 0 , P 1 and P =' one can determine a complex number called cross ratio or anharmonic ratio which is invariant under projective transformation:
As our fundamental points in P 4 we shall adopt three points I, 0 and 1= on a line with, respectively, e1 + e5, e5 and e1 as their homogeneous coordinates, e1 and e5 being vectors given by (10000) and ( 00001), respectively.
For a projective transformation in P 1 such that there exists a complex number Z given by the relation (j J (P) =point (Ze1 + e5).
We call Z the cross ratio or anharmonic ratio of the quadruple of points P, P0 , P1 and P =· The cross ratio is a quantity invariant under projective transformations.
Let p, Po, P1 and P= be the homogeneous coordinates of points P, P 0 , P 1 and P => respectively, and put P=x1Po+XdJ= and P1 =y1P1 +Y,Pooo Then the cross ratio (PP0 P 1P =) is given by y2 -1 x 2 y1x 1-1 . This can be proved as follows: If one puts cp(Po) =e5ao and q;(P=) =ela=> one gets (fJ(PJ) =y1a0e5 +Y2a=e1= (e1+e5 )y0 which leads to a0 = y 1 -1 y0 and a== y2 -1 y 0 • Therefore, from these results one obtains (j J (P) =x1Y1 -1 Yo (y1xJ-1 X2Y2 -J. eJ + e5).
The cross ratio has following properties: (1) (PQAB) = 1 and P = Q are equivalence relation. 
